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UNIT – 3 
Priority-Driven Scheduling 

of Periodic Tasks 

3.1 STATIC ASSUMPTION 
A multiprocessor priority-driven system is either dynamic or static. In a static system, all the tasks are partitioned 
into subsystems. Each subsystem is assigned to a processor, and tasks on each processor are scheduled(by 
themselves). In contrast, in a dynamic system, jobs ready for execution are placed in one common priority queue 
and dispatched to processors for execution as the processors become available. In the worst case, the 
performance of priority-driven algorithms can be unacceptably poor.  
 
A simple example demonstrates this fact. The application system contains m + 1 independent periodic tasks. The 
first m tasks Ti, for i = 1, 2, . . .m, are identical. Their periods are equal to 1, and their execution times are equal to 
2ε, where ε is a small number. The period of the last task Tm+1 is 1+ε, and its execution time is 1. The tasks are in 
phase. Their relative deadlines are equal to their periods. Suppose that the priorities of jobs in these tasks are 
assigned on an EDF basis. The first job Jm+1,1 in Tm+1 has the lowest priority because it has the latest deadline.  
 
Figure 6–1 shows an EDF schedule of these jobs if the jobs are dispatched and scheduled dynamically on m 
processors. We see that Jm+1,1 does not complete until 1 + 2ε and, hence, misses its deadline. The total utilization 
U of these m +1 periodic tasks is 2mε +1/(1 + ε). In the limit as ε approaches zero, U approaches 1, and yet the 
system remains unschedulable.  
 
This system can be feasibly scheduled statically. As long as the total utilization of the first m tasks, 2mε, is equal 
to or less than 1, this system can be feasibly scheduled on two processors if we put Tm+1 on one processor and the 
other tasks on the other processor and schedule the task(s) on each processor according to either of these 
priority-driven algorithms. 
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There are very few similar theories and algorithms for dynamic systems to date. Until they become available, the 

only way to validate a dynamic system is by simulating and testing the system. For these reasons, most hard real-

time systems built and in use to date and in the near future are static. In the special case when tasks in a static 

system are independent, we can consider the tasks on each processor independently of the tasks on the other 

processors. The problem of scheduling in multiprocessor and distributed systems is reduced to that of 

uniprocessor scheduling.  

3.2 FIXED-PRIORITY VERSUS DYNAMIC-PRIORITY ALGORITHMS 
A priority-driven scheduler is an on-line scheduler. It does not precompute a schedule of the tasks. Rather, it 
assigns priorities to jobs after they are released and places the jobs in a ready job queue in priority order. When 
preemption is allowed at any time, a scheduling decision is made whenever a job is released or completed. At 
each scheduling decision time, the scheduler updates the ready job queue and then schedules and executes the 
job at the head of the queue.  
 
Priority-driven algorithms differ from each other in how priorities are assigned to jobs. We classify algorithms for 
scheduling periodic tasks into two types: fixed priority and dynamic priority.  
 
A fixed-priority algorithm assigns the same priority to all the jobs in each task. In other words, the priority of 
each periodic task is fixed relative to other tasks.  
 
In contrast, a dynamic-priority algorithm assigns different priorities to the individual jobs in each task. Hence the 
priority of the task with respect to that of the other tasks changes as jobs are released and completed. This is why 
this type of algorithm is said to be “dynamic.” 
 
Indeed, we have three categories of algorithms: fixed-priority algorithms, task-level dynamic-priority (and 
joblevel fixed-priority) algorithms, and job-level (and task-level) dynamic algorithms. By dynamic-priority 
algorithms, we mean task-level dynamic-priority (and job-level fixed-priority) algorithms. 
 

3.2.1 Rate-Monotonic and Deadline-Monotonic Algorithms 
A well-known fixed-priority algorithm is the rate-monotonic algorithm. This algorithm assigns priorities to tasks 
based on their periods: the shorter the period, the higher the priority. The rate (of job releases) of a task is the 
inverse of its period. Hence, the higher its rate, the higher its priority.  
 
We will refer to this algorithm as the RM algorithm for short and a schedule produced by the algorithm as an RM 
schedule. Figure 6–2 gives two examples. Figure 6–2(a) shows the RM schedule of the system whose cyclic 
schedule is in Figure 5-8. This system contains three tasks: T1 = (4, 1), T2 = (5, 2), and T3 = (20, 5). The priority of T1 
is the highest because its rate is the highest (or equivalently, its period is the shortest). Each job in this task is 
placed at the head of the priority queue and is executed as soon as the job is released.  
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T2 has the next highest priority. Its jobs execute in the background of T1. For this reason, the execution of the first 
job in T2 is delayed until the first job in T1 completes, and the third job in T2 is preempted at time 16 when the 
fourth job in T1 is released. Similarly, T3 executes in the background of T1 and T2; the jobs in T3 execute only when 
there is no job in the higher-priority tasks ready for execution. Since there is always at least one job ready for 
execution until time 18, the processor never idles until that time. 
 
The schedule in Figure 6–2(b) is for the tasks T1 = (2, 0.9) and T2 = (5, 2.3). The tasks are in phase. Here, we 
represent the schedule in a different form. Instead of using one time line, sometimes called a Gantt chart, to 
represent a schedule on a processor, we use a time line for each task. Each time line is labeled at the left by the 
name of a task; the time line shows the intervals during which the task executes. According to the RM algorithm, 
task T1 has a higher-priority than task T2. Consequently, every job in T1 is scheduled and executed as soon as it is 
released. The jobs in T2 are executed in the background of T1. 
 
Another well-known fixed-priority algorithm is the deadline-monotonic algorithm, called the DM algorithm 
hereafter. This algorithm assigns priorities to tasks according their relative deadlines: the shorter the relative 
deadline, the higher the priority.  
 
Figure 6–3 gives an example. The system consists of three tasks. They are T1 = (50, 50, 25, 100), T2 = (0, 62.5, 10, 
20), and T3 = (0, 125, 25, 50). Their utilizations are 0.5, 0.16, and 0.2, respectively. The total utilization is 0.86. 
According to the DM algorithm, T2 has the highest priority because its relative deadline 20 is the shortest among 
the tasks. T1, with a relative deadline of 100, has the lowest priority.  
 
The resultant DM schedule is shown in Figure 6–3(a). According to this schedule, all the tasks can meet their 
deadlines. Clearly, when the relative deadline of every task is proportional to its period, the RM and DM 
algorithms are identical. When the relative deadlines are arbitrary, the DM algorithm performs better in the 
sense that it can sometimes produce a feasible schedule when the RM algorithm fails, while the RM algorithm 
always fails when the DM algorithm fails. The example above illustrates this fact.  
 
Figure 6–3(b) shows the RM schedule of the three tasks which Figure 6–3(a) has shown to be feasible when 
scheduled deadline-monotonically. According to the RM algorithm, T1 has the highest priority, and T3 has the 
lowest priority. We see that because the priorities of the tasks with short relative deadlines are too low, these 
tasks cannot meet all their deadlines. 
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3.2.2 Well-Known Dynamic Algorithms 
The EDF algorithm assigns priorities to individual jobs in the tasks according to their absolute deadlines; it is a 
dynamic-priority algorithm. Figure 6–4 shows the EDF schedule of the two tasks T1 and T2 whose RM schedule is 
depicted in Figure 6–2(b). 
 
• At time 0, the first jobs J1,1 and J2,1 of both tasks are ready. The (absolute) deadline of J1,1 is 2 while the deadline  
   of J2,1 is 5. Consequently, J1,1 has a higher priority and executes. When J1,1 completes, J2,1 begins to execute. 
 
• At time 2, J1,2 is released, and its deadline is 4, earlier than the deadline of J2,1. Hence, J1,2 is placed ahead of J2,1  
   in the ready job queue. J1,2 preempts J2,1 and executes. 
 

• At time 2.9, J1,2 completes. The processor then executes J2,1. 

 

• At time 4, J1,3 is released; its deadline is 6, which is later than the deadline of J2,1. Hence, the processor 
continues to execute J2,1. 
 
• At time 4.1, J2,1 completes, the processor starts to execute J1,3, and so on. 
 
We note that the priority of T1 is higher than the priority of T2 from time 0 until time 4.0. T2 priority starts to have a 

higher priority at time 4. When the job J2,2 is released, T2 again has a lower  
 



  REAL TIME SYSTEMS 

PREPARED BY K.TARAKESWAR, ASST. PROF, CSE DEPT, GPCET. Page 5 
 

 
 



  REAL TIME SYSTEMS 

PREPARED BY K.TARAKESWAR, ASST. PROF, CSE DEPT, GPCET. Page 6 
 

 
Hence, the EDF algorithm is a task-level dynamic-priority algorithm.  
 
On the other hand, once a job is placed in the ready job queue according to the priority assigned to it, its order 
with respect to other jobs in the queue remains fixed. In other words, the EDF algorithm is a job-level fixed-
priority algorithm.  
 
Another well-known dynamic-priority algorithm is the Least-Slack-Time-First (LST) algorithm. At time t, the slack 
of a job whose remaining execution time (i.e., the execution of its remaining portion) is x and whose deadline is d 
is equal to d −t − x. The smaller the slack, the higher the priority. 
 
Coincidentally, the schedule of T1 and T2 in the above example produced by the LST algorithm happens to be 
identical to the EDF schedule in Figure 6–4.  
 
In general, however, the LST schedule of a system may differ in a fundamental way from the EDF schedule.   
To illustrate, we consider a more complicated system that consists of three tasks: T1 = (2, 0.8), T2 = (5, 1.5), and T3 
= (5.1, 1.5). When the first jobs J1,1, J2,1 and J3,1 are released at time 0, their slacks are 1.2, 3.5, and 3.6, 
respectively. J1,1 has the highest priority, and J3,1 has the lowest. At time 0.8, J1,1 completes, and J2,1 executes. 
When J1,2 is released at time 2, its slack is 1.2, while the slacks of J2,1 and J3,1 become 2.7 and 1.6, respectively. 
Hence, J1,2 has the highest priority, but now J3,1 has a higher-priority than J2,1. 
 
From this example, we see that the LST algorithm is a job-level dynamic-priority algorithm, while the EDF 
algorithm is a job-level fixed-priority algorithm. Change in the relative priorities of jobs makes resource access 
control much more costly. 
 
Because scheduling decisions are made only at the times when jobs are released or completed, this version of the 
LST algorithm does not follow the LST rule of priority assignment at all times. If we wish to be specific, we should 
call this version of the LST algorithm the nonstrict LST algorithm. If the scheduler were to follow the LST rule 
strictly, it would reassign priorities to jobs whenever their slacks change relative to each other.  
 
By letting jobs with equal slacks execute in a round-robin manner, these jobs suffer extra context switches. For 
this reason, the strictly LST algorithm is an unattractive alternative, and we will not consider it further.  
 
According to our classification, FIFO and Last-in-First-Out (LIFO) algorithms are also dynamic-priority algorithms. 
(As an example, suppose that we have three tasks: T1 = (0, 3, 1, 3), T2 = (0.5, 4, 1, 1), and T3 = (0.75, 7.5, 2, 7.5). 
Suppose that the jobs in them are scheduled on the FIFO basis. Initially, T1 has the highest priority, and T3 has the 
lowest priority. Later, J1,4, J2,3, and J3,2 are released at the times 9, 8.5, and 8.25, respectively, and T3 has the 
highest priority while T1 has the lowest priority.) 
 

3.2.3 Relative Merits 
Algorithms that do not take into account the urgencies of jobs in priority assignment usually perform poorly. 
Dynamic-priority algorithms such as FIFO and LIFO are examples. An example of fixed-priority algorithms of this 
nature is one which assigns priorities to tasks on the basis of their functional criticality: the more critical the task, 
the higher the priority.  
 
(Suppose that T1 in this example is a video display task while T2 is a task which monitors and controls a patient’s 
blood pressure. The latter is clearly more functionally critical. If it were given the higher-priority, T1 would miss 
most of its deadlines. This sacrifice of T1 for T2 is unnecessary since both tasks can be feasibly scheduled.) 
 



  REAL TIME SYSTEMS 

PREPARED BY K.TARAKESWAR, ASST. PROF, CSE DEPT, GPCET. Page 7 
 

A criterion we will use to measure the performance of algorithms used to schedule periodic tasks is the 
schedulable utilization. The schedulable utilization of a scheduling algorithm is defined as follows: A scheduling 
algorithm can feasibly schedule any set of periodic tasks on a processor if the total utilization of the tasks is equal 
to or less than the schedulable utilization of the algorithm. 
 
Clearly, the higher the schedulable utilization of an algorithm, the better the algorithm. An algorithm whose 
schedulable utilization is equal to 1 is an optimal algorithm.  
 
The timing behavior of a system scheduled according to a fixed-priority algorithm is more predictable than that of 
a system scheduled according to a dynamic-priority algorithm. When tasks have fixed priorities, overruns of jobs 
in a task can never affect higher-priority tasks. It is possible to predict which tasks will miss their deadlines during 
an overload. 
 
In contrast, when the tasks are scheduled according to a dynamic algorithm, it is difficult to predict which tasks 
will miss their deadlines during overloads. This fact is illustrated by the examples in Figure 6–5. The tasks shown 
in Figure 6–5(a) have a total utilization of 1. According to their EDF schedule shown here, the job J1,5 in T1 = (2, 1) 
is not scheduled until 10 and misses its deadline at 10. Deadlines of all jobs in T2 are met in the schedule segment. 
 
The tasks in Figure 6–5(b) also have a total utilization of 1. According to the EDF schedule in Figure 6–5(b), J1,5 in 
T1 = (2, 0.8), as well as every job in T2, cannot complete on time. There is no easy test that allows us to determine 
which tasks will miss their deadlines and which tasks will not. 
 
The EDF algorithm has another serious disadvantage. We note that a late job which has already missed its 
deadline has a higher-priority than a job whose deadline is still in the future. 
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Consequently, if the execution of a late job is allowed to continue, it may cause some other jobs to be late. As an 
example, we examine the schedule shown in Figure 6–5(c). When J2,1 becomes late at 5, it continues to execute 
because its priority is higher than the priority of J1,3. As a consequence, J1,3 is late also. In fact, after J1,4, every job 
in both tasks will be late. This unstable behavior of the EDF algorithm, that one job being late causes many other 
jobs to be late, makes the algorithm unsuitable for systems where overload conditions are unavoidable. 
 
An overrun management strategy is to schedule each late job at a lower priority than the jobs that are not late. 
An alternative is to complete the late job, but schedule some functional noncritical jobs at the lowest priority 
until the system recovers from the overload condition.  
 

3.3 MAXIMUM SCHEDULABLE UTILIZATION 
A system is schedulable by an algorithm if the algorithm always produces a feasible schedule of the system. A 
system is schedulable (and feasible) if it is schedulable by some algorithm, that is, feasible schedules of the 
system exist.  
 

3.3.1 Schedulable Utilizations of the EDF Algorithm 
At any time t , the current period of a task is the period that begins before t and ends at or after t .We call the job 
that is released in the beginning of this period the current job. 
 
THEOREM 6.1. A system T of independent, preemptable tasks with relative deadlines equal to their respective 
periods can be feasibly scheduled on one processor if and only if its total utilization is equal to or less than 1. 
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Proof. It suffices for us to prove that the EDF algorithm can surely produce a feasible schedule of any system with 
a total utilization equal to 1. We prove this statement by showing that if according to an EDF schedule, the 
system fails to meet some deadlines then its total utilization is larger than 1.   
 
There are two cases to consider:  
(1) The  current period of every task which begins at or after ri,c, the release time of the job that misses its 

deadline, and 
(2) the current periods of some tasks that begin before ri,c.  
 
Case (1): This case is illustrated by the time lines in Figure 6–6(a); each tick on the time line of a task shows the 
release time of some job in the task. The fact that Ji,c misses its deadline at t tells us that any current job whose 
deadline is after t is not given any processor time to execute before t and that the total processor time required 
to complete Ji,c and all the jobs with deadlines at or earlier than t exceeds the total available time t .  
  
In other words, 

 

The first term on the right-hand side of the inequality is the time required to complete all the jobs in Ti  with 
deadlines before t and the job Ji,c. Each term in the sum gives the total amount of time before t required to 
complete jobs that are in a task Tk other than Ti and have deadlines at or earlier than t . Since φk ≥ 0 and ek/pk = uk 

for all k, and  for any x ≥ 0, 
 

 

 

Combining this inequality with the one in Eq. (6.1), we have U > 1. 
 
Case (2): The time lines in of Figure 6–6(b) illustrate case (2). Let T’ denote the subset of T containing all the tasks 
whose current jobs were released before ri,c and have deadlines after t . It is possible that some processor time 
before ri,c was given to the current jobs of some tasks in T. In the figure, Tl is such a task. Let t−1 be the end of the 
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latest time interval I (shown as a black box in Figure 6–6(b)) that is used to execute some current job in T. We 
now look at the segment of the schedule starting from t−1. In this segment, none of the current jobs with 
deadlines after t are given any processor time.  
 
Let φk denote the release time of the first job of task Tk in T – T’ in this segment. Because Ji,c misses its deadline at 
t , we must have 

 

This inequality is the same as the one in Eq. (6.1) except that t is replaced by t − t−1 and φk is replaced by φk . We 
can used the same argument used above to prove that ∑Tk∈T−T’ uk > 1, which in turn implies that U > 1. 
 
(……..Now we consider the case where the processor idles for some time before t. Let t−2 be the latest instant at 
which the processor idles. In other words, from t−2 to the time t when Ji,c misses its deadline, the processor never 
idles. For the same reason that Eq. (6.1) is true, the total time required to complete all the jobs that are released 
at and after t−2 and must be completed by t exceeds the total available time t − t−2. In other words, U > 1…….) 
 

The following facts follow straightforwardly from this theorem. 
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1. A system of independent, preemptable periodic tasks with relative deadlines longer than their periods can be  
feasibly scheduled on a processor as long as the total utilization is equal to or less than 1. 

2. The schedulable utilization UEDF(n) of the EDF algorithm for n independent, preemptable periodic tasks with  
relative deadlines equal to or larger than their periods is equal to 1. 

The EDF algorithm is not the only algorithm with this schedulable utilization. In particular, the schedulable 
utilization of the LST algorithm is also 1.  
 

When the relative deadlines of some tasks are less than their respective periods, the system may no longer be 
feasible, even when its total utilization is less than 1.  
 
As an example, the task with period 5 and execution time 2.3 in Figure 6–4 would not be schedulable if its relative 
deadline were 3 instead of 5. We call the ratio of the execution time ek of a task Tk to the minimum of its relative 
deadline Dk and period pk the density δk of the task. In other words, the density of Tk is ek/min(Dk ,pk). The sum of 
the densities of all tasks in a system is the density of the system and is denoted by ∆.  
 
When Di < pi for some task Ti , ∆ > U. If the density of a system is larger than 1, the system may not be feasible.  
 
THEOREM 6.2. A system T of independent, preemptable tasks can be feasibly scheduled on one processor if its 
density is equal to or less than 1. 
 

The condition given by this theorem is not necessary for a system to be feasible. A system may nevertheless be 
feasible when its density is greater than 1. The system consisting of (2, 0.6, 1) and (5, 2.3) is an example. Its 
density is larger than 1, but it is schedulable according to the EDF algorithm. 
 

3.3.2 Schedulability Test for the EDF Algorithm 
Hereafter, we call a test for the purpose of validating that the given application system can indeed meet all its 
hard deadlines when scheduled according to the chosen scheduling algorithm a schedulability test. If a 
schedulability test is efficient, it can be used as an on-line acceptance test. 
 
Checking whether a set of periodic tasks meet all their deadlines is a special case of the validation problem that 
can be stated as follows: We are given 
1. the period pi , execution time ei , and relative deadline Di of every task Ti in a system T = {T1, T2, . . . Tn} of 

independent periodic tasks, and 
2. a priority-driven algorithm used to schedule the tasks in T preemptively on one processor. 
 

To determine whether the given system of n independent periodic tasks surely meets all the deadlines when 
scheduled according to the preemptive EDF algorithm on one processor, we check whether the inequality 
 

 

is satisfied. We call this inequality the schedulability condition of the EDF algorithm. If it is satisfied, the system is 
schedulable according to the EDF algorithm. When Eq. (6.2) is not satisfied, the conclusion we may draw from this 
fact depends on the relative deadlines of the tasks. If Dk ≥ pk for all k from 1 to n, then Eq. (6.2) reduces to U ≤ 1.  
 
On the other hand, if Dk < pk for some k, Eq. (6.2) is only a sufficient condition;This schedulability test is not only 
simple but also robust.  
 
Eq. (6.2) can be used as a rule to guide the choices of the periods and execution times of the tasks while we 
design the system.  
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3.4 OPTIMALITY OF THE RM AND DM ALGORITHMS 
(Hereafter in our discussion on fixed-priority scheduling, we index the tasks in decreasing order of their priorities 
except where stated otherwise. In other words, the task Ti has a higher priority than the task Tk if i < k.)  
 
Sometimes, we refer to the priority of a task Ti as priority πi . πi ’s are positive integers 1, 2, . . . , n, 1 being the 
highest priority and n being the lowest priority. We denote the subset of tasks with equal or higher priority than 
Ti by Ti and its total utilization by Ui = ∑k=1 

I   uk .  
 
Because they assign fixed priorities to tasks, fixed-priority algorithms cannot be optimal: Such an algorithm may 
fail to schedule some systems for which there are feasible schedules. 
 
To demonstrate this fact, we consider a system which consists of two tasks: T1 = (2, 1) and T2 = (5, 2.5). Since their 
total utilization is equal to 1, we know from Theorem 3.1 that the tasks are feasible. J1,1 and J1,2 can complete in 
time only if they have a higher priority than J2,1. i.e., in the time interval (0, 4], T1 must have a higher-priority than 
T2. However, at time 4 when J1,3 is released, J2,1 can complete in time only if T2 (i.e., J2,1) has a higher priority than 
T1 (i.e., J1,3). This change in the relative priorities of the tasks is not allowed by any fixed priority algorithm. 
 
While the RM algorithm is not optimal for tasks with arbitrary periods, it is optimal in the special case when the 
periodic tasks in the system are simply periodic and the deadlines of the tasks are no less than their respective 
periods.  
 
A system of periodic tasks is simply periodic if for every pair of tasks Ti and Tk in the system and pi < pk , pk is an 
integer multiple of pi . An example of a simply periodic task system is the flight control system in Figure 1-3. In 
that system, the shortest period is 1/180 seconds. The other two periods are two times and six times 1/180 
seconds. The following theorem states that the RM algorithm is optimal for scheduling such a system. 
 
THEOREM 6.3. A system of simply periodic, independent, preemptable tasks whose relative deadlines are equal 
to or larger than their periods is schedulable on one processor according to the RM algorithm if and only if its 
total utilization is equal to or less than 1.  
 
To see why this theorem is true, we suppose for now that the tasks are in phase and the processor never idles 
before the task Ti misses a deadline for the first time at t . t is an integer multiple of pi . Because the tasks are 
simply periodic, t is also an integer multiple of the period pk of every higher-priority task Tk, for k = 1, 2, . . . , i − 1.  
 
Hence the total time required to complete all the jobs with deadlines before and at t is equal to ∑k=1 to i (ek t/pk), 
which is equal to t times the total utilization Ui = ∑k=1 to i  uk of the i highest priority tasks.  Ti missing a deadline 
at t means that this demand for time exceeds t. In other words, Ui > 1.  
 
THEOREM 6.4. A system T of independent, preemptable periodic tasks that are in phase and have relative 
deadlines equal to or less than their respective periods can be feasibly scheduled on one processor according to 
the DM algorithm whenever it can be feasibly scheduled according to any fixed-priority algorithm. 
 
This theorem is true because we can always transform a feasible fixed-priority schedule that is not a DM schedule 
into one that is. Suppose that a system has a feasible fixed-priority schedule that is not a DM schedule. We scan 
the tasks, starting from task T1 with the shortest relative deadline in order of increasing relative deadlines. When 
we find two tasks Ti and Ti + 1 which are such that Di is less than Di+1 but Ti has a lower priority than Ti+1 according 
to this schedule, we switch the priorities of these two tasks and modify the schedule of the two tasks accordingly. 
After the switch, the priorities of the two tasks are assigned on the DM basis relative to one another. By 
repeating this process, we can transform the given schedule into a DM schedule.  
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In some systems, the relative deadline of every task Ti is equal to δpi for some constant 0 < δ. For such systems, 
the DM and RM algorithms are the same. As a corollary to the above theorem, “the RM algorithm is optimal 
among all fixed-priority algorithms whenever the relative deadlines of the tasks are proportional to their periods.” 
 
6.5 A SCHEDULABILITY TEST FOR FIXED-PRIORITY TASKS WITH SHORT RESPONSE TIMES 
 

(We assume hereafter that the total utilization U is equal to or less than 1.) 
 
 
 
 
6.5.1 Critical Instants 
The schedulability test uses as inputs the given sets {pi } and {ei } of periods and execution times of the tasks in T 
and checks one task Ti at a time to determine whether the response times of all its jobs are equal to or less than 
its relative deadline Di .  
 
 A critical instant of a task Ti is a time instant which is such that 
 
1. the job in Ti released at the instant has the maximum response time of all jobs in Ti, if the response time of  

every job in Ti is equal to or less than the relative deadline Di of Ti, and 
2. the response time of the job released at the instant is greater than Di if the response time of some jobs in Ti  

exceeds Di . 
 
We call the response time of a job in Ti released at a critical instant the maximum (possible) response time of the 
task and denote it by Wi . The following theorem gives us the condition under which a critical instant of each task 
Ti occurs. 
 
THEOREM 6.5. In a fixed-priority system where every job completes before the next job in the same task is 
released, a critical instant of any task Ti occurs when one of its job Ji,c is released at the same time with a job in 
every higher-priority task, that is, ri,c = rk,lk for some lk for every k = 1, 2, . . . , i − 1. 
 
*Proof. We first show that the response time of the first job Ji,1 is the largest when the tasks in the subset Ti of i 
highest priority tasks are in phase. To do so, we take as the time origin the minimum of all the phases of tasks in 
Ti. It suffices for us to consider the case where the processor remains busy executing jobs with higher priorities 
than Ji,1 before Ji,1 is released at φi . 
 
Let Wi,1 denote the response time of Ji,1. From the release time φk of the first job in Tk to the instant φi + Wi,1 

when the first job Ji,1 in Ti completes, at most jobs in Tk become ready for execution. 
Each of these jobs demands ek units of processor time. Hence the total amount of processor time demanded by 
Ji,1 and all the jobs that must be completed before Ji,1 is given by 
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At time Wi,1 +φi when Ji,1 completes, the supply of processor time becomes sufficient to meet this total demand 
for the processor time for first time since time 0. In other words, Wi,1 is equal to the smallest of all solutions of  

 

 
if this equation has solutions in the range (0, pi ]. If the equation does not have a solution in this range, then Ji,1 
cannot complete in time and misses its deadline. 
 
To see how Wi,1 depends on the phase φk of each higher-priority task, we note that the expression in the right-
hand side of this equation is a staircase function of Wi,1. It lies above the 45◦ straight line y(Wi,1) = Wi,1 until it 
intersects the straight line; the value of Wi,1 at this intersection is the solution of Eq. (6.3). From Eq. (6.3), it is 
clear that the staircase function has the largest value, and hence its intersection with the 45◦ straight line has the 
largest value, when φk is 0 for every k = 1, 2, . . . , i − 1.  
 
In other words, the job Ji,1 has the largest response time when all the higher-priority tasks are in phase. We now 
let φk be 0 for all k < i . The time instant when the processor first completes all the ready jobs in higher-priority 
tasks released since time 0 is independent when Ji,1 is released, and this is the first instant when Ji,1 can begin 
execution. Therefore, the sooner Ji,1 is released, the longer it must wait to start execution and the larger its 
response time.  
 
This observation leads us to conclude that the response time Wi,1 of Ji,1 has the largest possible value when φi is 
also equal to zero. To show that an arbitrary job Ji,c in Ti has the maximum possible response time whenever it is 
released at the same time with a job in every higher-priority task, we let the release time of this job be φi and the 
release time of the job in Tk that is current at time φi be φk.  
 
Because every job completes in the period in which it is released, there is no need for us to consider the jobs in 
each task Tk that are released before φk. Hence we can take the minimum among the release times φk, for k = 1, 
2, . . . , i, of the current jobs as the time origin and consider the segment of the schedule starting from this new 
origin independently from the earlier segment.  
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The above argument can be repeated and allows us to reach the conclusion that the response time of Ji,c has the 
maximum value when the release times of all the current jobs in Ti are the same. It follows from the above 
arguments that the maximum possible response time Wi  of all jobs in Ti is, therefore, equal to the smallest 
value of t that satisfies the equation  
 

 

It is easy to see that if Eq. (6.3) does not have a solution equal to or less than Di , neither does this equation. 
 
Figure 6–8 gives an illustrative example. Figure 6–8(a) shows an RM schedule of the three jobs, (2, 0.6), (2.5, 0.2), 
and (3, 1.2) when they are in phase. Time 0 is a critical instant of both lower-priority tasks. The response times of 
the jobs in (2.5, 0.2) are 0.8, 0.3, 0.2, 0.2, 0.8, and so on. These times never exceed the response time of the first 
job. Similarly, the response times of the jobs in (3, 1.2) are 2, 1.8, 2, 2, and so on, which never exceed 2, the 
response time of the first job in (3, 1.2). Figure 6–8(b) shows an RM schedule when the phase of the task with 
period 2.5 is one, while the phases of the other tasks are 0.  
 
We see that 6 is a critical instant of the two lower-priority tasks. The jobs of these tasks released at this instant 
have the maximum possible response times of 0.8 and 2, respectively. Under this circumstance, we have no 
choice but to judge a fixed-priority algorithm according to its performance for tasks that are in phase. 
 

 
 
6.5.2 Time-Demand Analysis 
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The schedulability test [LeSD, ABTR] described below makes use of the fact stated in Theorem 6.5. To determine 
whether a task can meet all its deadlines, we first compute the total demand for processor time by a job released 
at a critical instant of the task and by all the higher-priority tasks as a function of time from the critical instant. 
We then check whether this demand can be met before the deadline of the job. For this reason, we name this 
test a time-demand analysis. 
 
To carry out the time-demand analysis on T, we consider one task at a time, starting from the task T1 with the 
highest priority in order of decreasing priority. To determine whether a task Ti is schedulable after finding that all 
the tasks with higher priorities are schedulable, we focus on a job in Ti , supposing that the release time t0 of the 
job is a critical instant of Ti . At time t0 + t for t ≥ 0, the total (processor) time demand wi (t) of this job and all the 
higher-priority jobs released in [t0, t ] is given by 
 

 

This job of Ti can meet its deadline t0 + Di if at some time t0 +t at or before its deadline, the supply of processor 
time, which is equal to t , becomes equal to or greater than the demand wi (t) for processor time. In other words, 
wi (t) ≤ t for some t ≤ Di , where Di is equal to or less than pi . Because this job has the maximum possible response 
time of all jobs in Ti , we can conclude that all jobs in Ti can complete by their deadlines if this job can meet its 
deadline. 
 
If wi (t) > t for all 0 < t ≤ Di , this job cannot complete by its deadline; If this condition can never occur, a critical 
instant of Ti can never occur; no job in Ti can ever have the maximum possible response time.  
 
Ti may nevertheless be schedulable even though the time-demand analysis test indicates that it is not. Because of 
Theorem 6.5, we can say that wi (t) given by the Eq. (6.5) is the maximum time demanded by any job in Ti , plus all 
the jobs that must be completed before this job, at any time t < pi since its release. We call wi (t) the time-
demand function of the task Ti .  
 
As an example, we consider a system containing four tasks: T1 = (φ1, 3, 1), T2 = (φ2, 5, 1.5), T3 = (φ3, 7, 1.25), and T4 
= (φ4, 9, 0.5), where the phases of the tasks are arbitrary. Their total utilization is 0.87. The given scheduling 
algorithm is the RM algorithm. 
 
In Figure 6–9, the solid lines show the time-demand functions of these four tasks. The dotted lines show the total 
contributions of higher-priority tasks to the time-demand function of each lower-priority task. For example, the 
job in T2 being considered is released at t equal to 0. In the time interval (0, 5), it contributes 1.5 units of time to 
its time-demand function w2(t). T1 contributes a total of 1 unit from time 0 to 3. Because at time t = 2.5 the total 
demand w2(t) of 2.5 units is met, the maximum possible response time of jobs in T2 is 2.5. Since the relative 
deadline of T2 is 5, the task is schedulable. From Figure 6–9, we can see that every task in this system is 
schedulable. In particular, the dot at the intersection of wi (t) and the straight line y(t) = t marks the time instant 
from a critical instant of Ti at which the job in Ti released at the critical instant completes. From this graph, we can 
tell that the maximum possible response times of the tasks are 1, 2.5, 4.75, and 9, respectively. 
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In summary, to determine whether Ti can be feasibly scheduled by the given scheduling algorithm using the time-
demand analysis method proposed by Lehoczky, et al., we  
 
1. compute the time-demand function wi (t) according to Eq. (6.5), and  
2. check whether the inequality wi (t) ≤ t (6.6a) is satisfied for values of t that are equal to  
 

 
 

If this inequality is satisfied at any of these instants, Ti is schedulable. Let qn,1 denote the period ratio of the 
system, that is, the ratio of the largest period pn to the smallest period p1. The time complexity of the time-
demand analysis for each task is O(nqn,1). 
 
For task T3 in this example, we need to check whether its time-demand function w3(t) is equal to or less than t at t 
equal to 3, 5, 6, and 7. In doing so, we find that the inequality is not satisfied at 3 but is satisfied at 5. Hence, we 
can conclude that the maximum response time of T3 is between 3 and 5 and the task is schedulable. 
 
( …..We now use the example in Figure 6–9 to explain intuitively why the time-demand analysis method is robust: 
The conclusion that a task Ti is schedulable remains correct when the execution times of jobs may be less than 
their maximum execution times and interrelease times of jobs may be larger than their respective periods. We 
replotted the time-demand functions for the two highest priority tasks in Figure 6–10(a). Clearly, the intersection 
of the actual time-demand function with the time supply line t is a point at most equal to 2.5.  
 
Similarly, the dotted lines in Figure 6–10(b) show the time-demand function w3(t) of T3, which is calculated 
according to Eq. (6.5), as well as the contribution of T1 and T2 to the function. The dashed lines show the 
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contribution of T1 and T2 to the actual time-demand function of T3 when the actual interrelease times of the jobs in T1 

and T2 are larger than their periods.We see again that the actual time-demand function of T3, depicted by the solid 
line, lies below the time-demand function depicted by the dotted line. T3 remains schedulable despite these 
variations in release times………) 
 
6.5.3 Alternatives to Time-Demand Analysis 
Instead of carrying out a time-demand analysis, we can also determine whether a system of independent 
preemptable tasks is schedulable by simply simulating this condition and observing whether the system is then 
schedulable. As long as Theorem 6.5 holds, it suffices for us to construct only the initial segment of length equal 
to the largest period of the tasks. If there is no missed deadline in this segment, then all tasks are feasibly 
scheduled by the given algorithm. Figure 6–11 shows the worst-case initial segment of the RM schedule of the 
system in Figure 6–9. 
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This schedule allows us to draw the same conclusion about the maximum response times of the four tasks. We 
refer to this alternative as the worst-case simulation method. It is easy to see that the time complexity of this 
method is also O(nqn,1), where qn,1 is the ratio pn/p1. 
 
For now, it appears that the more conceptually complex time-demand analysis method has no advantage over 
the simulation method. If we want to know the maximum possible response time Wi of each task Ti , we must 
solve Eq. (6.4). This can be done in an iterative manner, starting from an initial guess t (1) of Wi . During the lth 
iteration for l ≥ 1, we compute the value t (l+1) on the right-hand side of Eq. (6.4) according to 
 

 
 
We terminate the iteration either when t(l+1) is equal to t (l) . 
  
 6.6 SCHEDULABILITY TEST FOR FIXED-PRIORITY TASKS WITH ARBITRARY RESPONSE TIMES 
 
This section describes a general time-demand analysis method developed by Lehoczky [Leho] to determine the 
schedulability of tasks whose relative deadlines are larger than their respective periods.  
 
6.6.1 Busy Intervals 
We will use the term level-πi busy interval. A level-πi busy interval (t0, t ] begins at an instant t0 when  
(1) all jobs in Ti released before the instant have completed and  
(2) a job in Ti is released.  
 
The interval ends at the first instant t after t0 when all the jobs in Ti released since t0 are complete. In other 
words, in the interval (t0, t ], the processor is busy all the time executing jobs with priorities πi or higher, all the 
jobs executed in the busy interval are released in the interval, and at the end of the interval there is no backlog of 
jobs to be executed afterwards. 
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Hence, when computing the response times of jobs in Ti, we can consider every level-πi busy interval 
independently from other level-πi busy intervals. With a slight abuse of the term, we say that a level-πi busy 
interval is in phase if the first jobs of all tasks that have priorities equal to or higher than priority πi and are 
executed in this interval have the same release time. Otherwise, we say that the tasks have arbitrary phases in 
the interval. 
 
As an example, Figure 6–12 shows the schedule of three tasks T1 = (2, 1), T2 =(3, 1.25), and T3 = (5, 0.25) in the 
first hyperperiod. The filled rectangles depict where jobs in T1 are scheduled. The first busy intervals of all levels 
are in phase. The priorities of the tasks are π1 = 1, π2 = 2, and π3 = 3, with 1 being the highest priority and 3 being 
the lowest priority. As expected, every level-1 busy interval always ends 1 unit time after it begins. For this 
system, all the level-2 busy intervals are in phase. They begin at times 0, 6, and so on which are the least common 
multiples of the periods of tasks T1 and T2. The lengths of these intervals are all equal to 5.5. Before time 5.5, 
there is at least one job of priority 1 or 2 ready for execution, but immediately after 5.5, there are none.  
 
Hence at 5.5, the first job in T3 is scheduled. When this job completes at 5.75, the second job in T3 is scheduled. 
At time 6, all the jobs released before time 6 are completed; hence, the first level-3 busy interval ends at this 
time. The second level-3 busy interval begins at time 6. This level-3 busy interval is not in phase since the release 
times of the first higher-priority jobs in this interval are 6, but the first job of T3 in this interval is not released until 
time 10. The length of this level-3 busy interval is only 5.75. Similarly, all the subsequent level-3 busy intervals in 
the hyperperiod have arbitrary phases. 
 

 

6.6.2 General Schedulability Test 
The general schedulability test described below relies on the fact that when determining the schedulability of a 
task Ti in a system, it suffices to confine our attention to the special case where the tasks are in phase. However, 
the first job Ji,1 may no longer have the largest response time among all jobs in Ti.  
 
Here, we must examine all the jobs of Ti that are executed in the first level-πi busy interval. If the response times 
of all these jobs are no greater than the relative deadline of Ti , Ti is schedulable; otherwise, Ti may not be 
schedulable.  
 
General Time-Demand Analysis Method 
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Test one task at a time starting from the highest priority task T1 in order of decreasing priority. For the purpose of 
determining whether a task Ti is schedulable, assume that all the tasks are in phase and the first level-πi busy 
interval begins at time 0. While testing whether all the jobs in Ti can meet their deadlines (i.e., whether Ti is 
schedulable), consider the subset Ti of tasks with priorities πi or higher. 
 

 
 
It is easy to compute the response time of the first job Ji,1 of Ti in the first in-phase level-πi busy interval. The time-
demand function wi,1(t) is still given by the expression in the right-hand side of Eq. (6.5). An important difference 
is that the expression remains valid for all t > 0 before the end of the level-πi busy interval. For the sake of 
convenience, we copy the expression here. 
 

 

The maximum possible response time Wi,1 of Ji,1 is equal to the smallest value of t that satisfies the equation  

t = wi,1(t). To obtain Wi,1, we solve the equation iteratively and terminate the iteration only when we find t (l+1) 
equal to t (l). Because Ui is no greater than 1, this equation always has a finite solution, and the solution can be 
found after a finite number of iterations. 
 
Let Wi, j denote the maximum possible response time of the j th job in a level-πi busy interval. The following 
lemma tells us how to compute Wi, j. 
 
LEMMA 6.6. The maximum response time Wi, j of the j th job of Ti in an in-phase level-πi busy period is equal to 
the smallest value of t that satisfies the equation 
 

 

As an example, Figure 6–13(a) shows the time-demand functions w1,1(t), w2,1(t) and w3,1(t) of the first jobs J1,1, J2,1 
and J3,1 in the system in Figure 6–12. Since w2,1(t) lies entirely above the supply t line from 0 to 3, J2,1 does not 
complete at 3. Solving for the response time W2,1 of this job, we find that W2,1 equals 3.25. Similarly, the first 
intersection of w3,1(t) with the supply line t is at 5.75; this is the response time of J3,1. 
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Figure 6–13(b) shows the time-demand functions w2,2(t) and w3,2(t) of the second jobs of T2 and T3 in the first 
busy intervals, respectively. We see that these functions are equal to t when t is equal to 5.5 and 6, respectively. 
Therefore, J2,2 completes at t = 5.5, and J3,2 completes at t = 6. Subtracting their release times, we find that W2,2 is 
2.5 and W3,2 is 1. 
 
Again, an alternative is the worst-case simulation approach. To determine whether Ti is schedulable, we generate 
the schedule of the tasks in Ti according to the given fixed-priority algorithm, assuming that the tasks are in 
phase. (The schedule in Figure 6–12 is an example.) If we do not observe any missed deadlines within the first 
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level-πi busy interval, we can conclude that all the tasks in Ti are schedulable. Otherwise, we cannot guarantee 
that all tasks in Ti always meet their deadlines. 
 
Finally, to determine whether the j th job in an in-phase level-πi busy interval completes in time, we can check 
whether the inequality wi, j (t) ≤ t is ever satisfied for some instant t in the range from ( j − 1)pi to ( j − 1)pi + Di . As 
with Eq. (6.6), we only need to check for the satisfiability of this inequality at time instants which are integer 
multiples of pk, for k = 1, 2, . . . , i , in this range of time. 
 
*6.6.3 Correctness of the General Schedulability Test 
The general schedulability test described above makes a key assumption: The maximum response time of some 
job Ji, j in an in-phase level-πi busy interval is equal to the maximum possible response time of all jobs in Ti .  
 
Therefore, to determine whether Ti is schedulable, we only need to check whether the maximum response times 
of all jobs in this busy interval are no greater than the relative deadline of Ti. (…..This subsection presents several 
lemmas as proof that this assumption is valid….) 
 
LEMMA 6.7. Let t0 be a time instant at which a job of every task in Ti is released. All the jobs in Ti released before 
t0 have been completed at t0. 
 
LEMMA 6.8. When a system of independent, preemptive periodic tasks is scheduled on a processor according to 
a fixed-priority algorithm, the time-demand function wi,1(t) of a job in Ti released at the same time as a job in 
every higher-priority task is given by Eq. (6.8). 
 
The response time of the j th job Ji, j in the first level-πi busy period is the smallest value of t that satisfies the 
equation 
 

 

LEMMA 6.9. The response time Wi, j of the j th job of Ti executed in an in-phase level-πi busy interval is no less 
than the response time of the j th job of Ti executed in any level-πi busy interval. 
 
Finally, the correctness of the general schedulability test depends on the following lemma. 
 
LEMMA 6.10. The number of jobs in Ti that are executed in an in-phase level-πi busy interval is never less than 
the number of jobs in this task that are executed in a level-πi busy interval of arbitrary phase. 
 
In summary, Lemmas 6.7—6.10 tell us that the busy interval we examine according to the general time-demand 
analysis method contains the most number of jobs in Ti that can possibly execute in any level-πi busy interval.  
 
6.7 SUFFICIENT SCHEDULABILITY CONDITIONS FOR THE RM AND DM ALGORITHMS 
When we know the periods and execution times of all the tasks in an application system, we can use the 
schedulability test to determine whether the system is schedulable according to the given fixed-priority 
algorithm.  
 
It is desirable to have schedulability conditions which give us a flexible design guideline for the choices of the 
periods and execution times of tasks. 
 
6.7.1 Schedulable Utilization of the RM Algorithm for Tasks with Di = pi 
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Specifically, the following theorem gives us a schedulable utilization of the RM algorithm. We focus on the case 
when the relative deadline of every task is equal to its period. For such systems, the RM and DM algorithms are 
identical. 
 
THEOREM 6.11. A system of n independent, preemptable periodic tasks with relative deadlines equal to their 
respective periods can be feasibly scheduled on a processor according to the RM algorithm if its total utilization U 
is less than or equal to 

 
 

URM(n) is the schedulable utilization of the RM algorithm when Di = pi for all 1 ≤ k ≤ n. Figure 6–14 shows its value 
as a function of the number n of tasks in the set. When n is equal to 2, Urm(n) is equal to 0.828. It approaches  
ln2 (0.693), shown by the dashed line, for large n. 
 
Specifically, U(n) ≤ URM(n) is a sufficient schedulability condition for any system of n independent, preemptable 
tasks that have relative deadlines equal to their respective periods to be schedulable rate-monotonically. As long 
as the total utilization of such a system satisfies this condition, it will never miss any deadline.  
 
(We use the notation U(n) in place of U in our subsequent discussion whenever we want to bring the number of 
tasks n to our attention.)  
 

 

As an example, we consider the system T of 5 tasks: (1.0, 0.25), (1.25, 0.1), (1.5, 0.3), (1.75, 0.07), and (2.0, 0.1). 
Their utilizations are 0.25, 0.08, 0.2, 0.04, and 0.05. The total utilization is 0.62, which is less than 0.743, the value 
of URM(5). Consequently, we can conclude that we can feasibly schedule T rate-monotonically. Suppose that the 
system is later enhanced. As a result, the tasks are modified, and the resultant tasks are (0.3, 1.3, 0.1), (1.0, 1.5, 
0.3), (1.75, 0.1), (2.0, 0.1), and (7.0, 2.45). Since their total utilization is 0.737, which is still less than 0.743, we 
know for sure that the system remains schedulable. There is no need for us to do the more complex time-
demand analysis to verify this fact.  
 
On the other hand, suppose that to make the above five-task system more modular, we divide the task with 
period 7.0 into three smaller tasks with periods 5, 6, and 7, while keeping the total utilization of the system at 
0.737. We can no longer use this condition to assure ourselves that the system is schedulable because URM(7) is 
0.724 and the total utilization of the system exceeds this bound. 
 
*6.7.2 Proof of Theorem 6.11 
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While the schedulable utilization of the EDF algorithm given by Theorem 6.1 is intuitively obvious, the 
schedulable utilization URM(n) given by Theorem 6.11 is not. We now present an informal proof of this theorem  
in order to gain some insight into why it is so. 
 
The proof first shows that the theorem is true for the special case where the longest period pn is less than or 
equal to two times the shortest period p1. After the truth of the theorem is established for this special case, we 
then show that the theorem remains true when this restriction is removed. As before, we assume that the 
priorities of all tasks are distinct.  

Here, this means that p1 < p2 < ・ ・ ・ < pn. 
 
Proof for the Case of pn ≤ 2p1. The proof for the case where pn ≤ 2p1 consists of the four steps that are described 
below. Their goal is to find the most difficult-to-schedule system of n tasks among all possible combinations of n 
tasks that are difficult-to-schedule rate-monotonically.  
 
We say that “a system is difficult to schedule” if it is schedulable according to the RM algorithm, but it fully 
utilizes the processor for some interval of time so that any increase in the execution time or decrease in the 
period of some task will make the system unschedulable.  
 
The system sought here is the most difficult in the sense that its total utilization is the smallest among all difficult-
to-schedule n-task systems. The total utilization of this system is the schedulable utilization of the RM algorithm, 
and any system with a total utilization smaller than this value is surely schedulable. Each of the following steps 
leads us closer to this system and the value of its total utilization. 
 
Step 1: In the first step, we identify the phases of the tasks in the most difficult-to schedule system. The most 
difficult-to-schedule system must have one or more in-phase busy intervals. Therefore, in the search for this 
system, we only need to look for it among in-phase systems. 
 
Step 2: In the second step, we choose a relationship among the periods and execution times and hypothesize that 
the parameters of the most difficult-to-schedule system of n tasks are thus related. In the next step, we will verify 
that this hypothesis is true.  
 
Again from Theorem 6.5, we know that in making this choice, we can confine our attention to the first period of 
every task. To ensure that the system is schedulable, we only need to make sure that the first job of every task 
completes by the end of the first period of the task.  
 
By construction, any system of n tasks whose execution times are related to their periods in this way is 
schedulable. Expressing analytically the dependencies of execution times on the periods of tasks that are given by 
Figure 6–15, we have  
 

ek = pk+1 − pk for k = 1, 2, . . . , n − 1     (6.11a) 
 

Since each of the other tasks execute twice from 0 to pn the execution time of the lowest priority task Tn is 
 

 
 
Step 3: We now show that the total utilization of any difficult-to-schedule n-task system whose execution times 
are not related to their periods according to Eq. (6.11) is larger than or equal to the total utilization of any system 
whose periods and execution times are thus related. 
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To do so, we construct new systems, whose parameters do not satisfy Eq. (6.11), from an original system whose 
parameters satisfy Eq. (6.11). There are two ways to do this. One way is by increasing the execution time of a 
higher-priority task from the value given by Eq. (6.11) by a small amount ε > 0. Without loss of generality, let this 
task be T1. In other words, in the new system, the execution time e’1 of T1 is equal to 
 

e’1 = p2 − p1 + ε = e1 + ε 
 
Suppose that we choose Tk , for some k!= 1, to be this task and make its new execution time equal to 
 

e’k = ek – ε 
 

The execution times of the tasks other than T1 and Tk are still given by Eq. (6.11). The new system still keeps the 
processor busy in the interval (0, pn]. The difference between the total utilization U of the new system and the 
total utilization U of the original system is     

 

 
 
Since p1 < pk , this difference is positive, and the total utilization of the new system is larger. 
 
Another way to construct a new difficult-to-schedule system from the original one is to let the execution time of 
a higher-priority task be ε units smaller than the value given by Eq. (6.11). Again, suppose that we choose T1 to be 
this task, that is, its new execution time is 
 

e'’1= p2 − p1 − ε 
 
From Figure 6–15, we see that if we do not increase the execution time of some other task, the processor will be 
idle for a total of 2ε units of time in (0, pn]. To keep the processor busy throughout this interval and the system 
schedulable, we can increase the execution time of any of the other tasks by 2ε units, that is, 
 

e’’k = ek + 2ε 
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for some k != 1. It is easy to see that with this increase accompanying the decrease in the execution time of T1, 
the first job of every task in the new system can still complete by its deadline and the processor never idles from 
0 to pn. Comparing the total utilization U of this new system with that of the original system, we find that 
 

 
 
Since pk ≤ 2p1 for all k!= 1, this difference is never negative.  
 
Step 4: As a result of step 3, we know that the parameters of the most difficult-to schedule system of tasks must 
be related according to Eq. (6.11). To express the total utilization of a system whose parameters are given by Eq. 
(6.11) in terms of periods of the tasks in it, we substitute Eq. (6.11) into the sum ∑k=1 to n ek/pk and thus obtain 
 

 
 
where qk,i, for k > i , is the ratio of the larger period pk to the smaller period pi , that is, qk,i = pk/pi . In particular,  
the total utilization of any n-task system whose parameters are related according to Eq. (6.11) is a function of the 
n − 1 adjacent period ratios qk+1,k for k = 1, 2, . . . , n − 1. 
 
This equation shows that U(n) has a unique minimum, and this minimum is the schedulable utilization URM(n) of 
the RM algorithm. To find the minimum, we take the partial derivative of U(n) with respect to each adjacent 
period ratio qk+1,k and set the derivative to 0. This gives us the following n – 1 equation: 
 

 
 
Solving these equations for qk+1,k, we find that U(n) is at its minimum when all the n − 1 adjacent period ratios 
qk+1,k are equal to 21/n. Substituting qk+1,k = 21/n into the right-hand side of Eq. (6.12), we get the expression of 
URM(n) given by Theorem 6.11. 
 
For more insight, let us look at the special case where n is equal to 3. The total utilization of any difficult-to-
schedule system whose parameters are related according to Eq. (6.11) is given by 
 

 
 
U(3) is a convex function of q2,1 and q3,1. Its minimum value occurs at the point q2,1 = q3,2 ≥ 21/3, which is equal to 
1.26. In other words, the periods of the tasks in the most difficult-toschedule three-task system are such that  
p3 = 1.26p2 = 1.59p1. 
 
Generalization to Arbitrary Period Ratios. The ratio qn,1 = pn/p1 is the period ratio of the system. To complete the 
proof of Theorem 6.11, we must show that any n-task system whose total utilization is no greater than URM(n) is 
schedulable rate-monotonically, not just systems whose period ratios are less than or equal to 2. We do so by 
showing that the following two facts are true. 
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1. Corresponding to every difficult-to-schedule n-task system whose period ratio is larger than 2 there is a 
difficult-to-schedule n-task system whose period ratio is less than or equal to 2. 

2. The total utilization of the system with period ratio larger than 2 is larger than the total utilization of the  
corresponding system whose period ratio is less than or equal to 2. Therefore, the restriction of period ratio 
being equal to or less than 2, which we imposed earlier in steps 1–4, leads to no loss of generality. 

 
We show that fact 1 is true by construction. The construction starts with any difficult-to-schedule n-task system  
{Ti = (pi , ei )}    whose period ratio is larger than 2 and step-by-step transforms it into a system with a period ratio 
less than or equal to 2.  
 
Specifically, in each step, we find a task Tk whose period is such that lpk < pn ≤ (l+1)pk where l is an integer equal to 
or larger than 2; the transformation completes when no such task can be found. Tk is transformed into a new task 
whose period is equal to lpk and whose execution time is equal to ek . The period of the task with period pn is 
unchanged, but its execution time is increased by (l −1)ek .     
 
Figure 6–16 shows the original tasks and the transformed tasks. By repeating this step until pn ≤ 2pk for all k!= n, 
we transform the given system into one in which the period ratio is <= 2. 
 

 
 
 
To show fact 2 is true, we compute the difference between the total utilization of the system before the 
transformation of each task and the total utilization of the system after the transformation. This difference is 
 

 
 
which is larger than 0 because lpk < pn. This allows us to conclude that the system with a period ratio less than 2 
obtained when the transformation completes has a smaller total utilization than the given system. 
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*6.7.3 Schedulable Utilization of RM Algorithm as Functions of Task Parameters 
When some of the task parameters are known, this information allows us to improve the schedulable utilization 
of the RM algorithm. We now give several schedulable utilizations that are larger than URM(n) for independent, 
preemptive periodic tasks whose relative deadlines are equal to their respective periods. These schedulable 
utilizations are expressed in terms of known parameters of the tasks, for example, the utilizations of individual 
tasks, the number nh of disjoint subsets each containing simply periodic tasks, and some functions of the periods 
of the tasks.  
 
The general schedulable utilization URM(n) of the RM algorithm is the minimum value of these specific 
schedulable utilizations. Because they are larger than URM(n), when applicable, these schedulable utilizations are 
more accurate criteria of schedulability.  
 
Schedulable Utilization URM(u1, u2, . . . un) as a Function of Task Utilizations. 
Rather than replacing the individual periods in Eq. (6.11a) by adjacent period ratios, we rewrite the equation as 
follows: 

pk+1 = pk(1 + uk) for k = 1, 2, . . . , n – 1 
 

Moreover, from Eq. (6.11b) and the fact that pn ≤ 2p1, we can conclude that pn(1 + un) ≤ 2p1. Combining these two 
expressions, we have the following corollary. 
 
COROLLARY 6.12. n independent, preemptable periodic tasks with relative deadlines equal to their respective 
periods are schedulable rate-monotonically if their utilizations u1, u2, . . . , un satisfy the inequality  

(1 + u1)(1 + u2) ・ ・ ・ (1 + un) ≤ 2      (6.13) 
 
We denote the total utilization of the tasks whose utilizations satisfy the constraint Eq. (6.13) by  

 
URM(u1, u2, . . . , un). 

 
(……..As an example, we consider a system of two tasks T1 and T2. The schedulable utilization URM(u1, u2) of the 
system is equal to 0.957, 0.899, 0.861, and 0.828, respectively, when the ratio u1/U of the utilization of T1 to the 
total utilization of both tasks is equal to 0.05, 0.1, 0.25, and 0.5. The minimum of U(u1, u2) is at the point u1 = 0.5U 
(i.e., when u1 = u2) and is 0.828, the Liu and Layland bound for n equal to 2…….) 
 
For arbitrary n, the inequality Eq. (6.13) becomes (1+U(n)/n)n ≤ 2 when the utilizations of all the tasks are equal. 
For this combination of utilizations, the inequality Eq. (6.13) becomes the same as (the Liu and Layland bound)  

U(n) ≤ n(21/n − 1). 
 
Schedulable Utilization of Subsets of Simply Periodic Tasks.  
We now consider a system of periodic tasks that are not simply periodic but can be partitioned into nh subsets of 
simply periodic tasks.  
 
For example, we can partition the system T of tasks with periods 4, 7, 8, 14, 16, 28, 32, 56, and 64 into two 
subsets Z1 and Z2. Z1 contains the tasks with period 4, 8, 16, 32, and 64; and Z2 contains tasks with periods 7, 14, 
28, and 56. Let U(Z1) and U(Z2) denote the total utilization of the tasks in Z1 and Z2, respectively.  
 
Kuo, et al. have shown that if U(Z1) + U(Z2) ≤ 0.828 [i.e., URM(2)], all these tasks are schedulable rate 
monotonically.  In contrast, if we were to treat the tasks separately, we would have to use the bound URM(9), 
which is only 0.712. The following theorem states this fact in general. 
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THEOREM 6.13. If a system T of independent, preemptable periodic tasks, whose relative deadlines are equal to 
their respective periods, can be partitioned into nh disjoint subsets, Z1, Z2, . . . ,Znh , each of which contains simply 
periodic tasks, then the system is schedulable rate-monotonically if the total utilizations U(Zi ), for i = 1, 2, . . . , nh, 
of the tasks in the subsets satisfy the inequality  

 

(1 + U(Z1))(1 + U(Z2)) ・ ・ ・ (1 + U(Znh )) ≤ 2. 
 

It follows that such a system T is schedulable rate-monotonically if its total utilization is  <= URM(nh).  
 
The schedulable utilization given by Theorem 6.13 is particularly useful for any system that contains a small 
number n of large application modules.  
 
Dependency of Schedulable Utilization on Periods of Tasks.  
The schedulable utilization of the RM algorithm depends on the periods of tasks in two ways. First, it increases 
with the minimum adjacent period ratio and, hence, the period ratio of the system, and second, it increases as 
the tasks become closer to being simply periodic. 
 
Dependency on Period Ratio.  
During any period of a task Ti , it is possible for a higher priority task Tk (k < i ) to consume an extra ek units of 
processor time beyond uk pi . This is why the schedulable utilization URM(i ) is less than 1. However, when the ratio 
pi /pk becomes larger, the extra amount ek becomes a smaller fraction of uk pi . In the limit as the adjacent period 
ratios approach infinity, the amount of time in each period of Ti used by higher-priority tasks approaches Ui−1 pi , 
the amount of time available to Ti approaches 1 − Ui−1, and the schedulable utilization of the i tasks approaches 1. 
 
Dependency on Values of Periods. Theorem 6.3 tells us that any number of simply periodic, independent, 
preemptable tasks can be feasibly scheduled rate-monotonically as long as their total utilization U ! > 1. We, 
therefore, expect that the closer the tasks are to being simply periodic, the larger the total schedulable utilization 
of the RM algorithm is.  
 
The schedulable utilization found by Burchard, et al. quantifies this statement. Specifically, Burchard, et al. 
expresses the schedulable utilization in terms a parameter ζ which measures “how far the tasks of a system 
deviate from being simply periodic”. ζ is defined as follows: 
 

 
 
Theorem 6.11 follows straightforwardly from this theorem. 
 
Before we examine the behavior of URM(n, ζ) as ζ varies, we first examine how ζ depends on the periods of the 
tasks. To do so, we write pi as 2xi for some xi > 0. If xi is an integer, the value Xi defined above is 0. Xi increases as 
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xi increases and deviates more from the integer value and becomes 0 again when it assumes the next larger 
integer value.  
 
For example, Xi is 0 if pi = 23 = 8. It has the values 0.322, 0.585, and 0.807 when pi is equal to 10, 12, and 14, 
respectively. Similarly, Xi is 0 when pi is equal to 24 = 16 (or 22 = 4) and is equal to these values when pi is equal to 
20, 24, and 28 (or 5, 6, and 7), respectively. 
 
Hence, for a system of n tasks, ζ is equal to 0 when the period pi of every task Ti is equal to y2xi for some y > 0 
independent of i and some positive integer xi . In the extreme when ζ approaches 1, there must be a task whose 
period is slightly larger than some power of 2 and some other task whose period is slightly smaller than some 
power of 2. 
 
Figure 6–17 plots URM(n, ζ) as a function of ζ and n. In the region where ζ < 1−1/n, URM(n, ζ) is larger than the 
general schedulable utilization URM(n) given by Eq. (6.10). In particular, as ζ approaches zero, URM(n, ζ) approaches 
one for all n as expected. 
 

 
THEOREM 6.15. A system T of independent, preemptive periodic tasks whose relative deadlines are equal to their 
respective periods is schedulable according the RM algorithm if it has an accelerated set T which is simply 
periodic and has a total utilization equal to or less than 1. 
 
6.7.4 Schedulable Utilization of Fixed Priority Tasks with Arbitrary Relative Deadlines 
Obviously, a system of n tasks with a total utilization URM(n) may not be schedulable rate monotonically when the 
relative deadlines of some tasks are shorter than their periods. On the other hand, if the relative deadlines of the 
tasks are larger than the respective task periods, we expect the schedulable utilization of the RM algorithm to be 
larger than URM(n).  
 
We now consider the case where the relative deadline Di of every task is equal to δ times its period pi for some  
0 < δ. The following theorem gives us a schedulable utilization URM(n, δ) as a function of δ and the number n of 
tasks.  
 
THEOREM 6.16. A system of n independent, preemptable periodic tasks with relative deadlines Di = δpi for all  
1 ≤ i ≤ n is schedulable rate-monotonically if its total utilization is equal to or less than  
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As an example, let us consider the system consisting of tasks (3, 0.6), (4, 1.0) and (5, 1). The total utilization of the 
tasks is 0.65. Since URM(3) is equal to 0.779, the tasks are schedulable. Now, suppose that as a way to control 
completion-time jitters, we require that every job completes in half the period; in other words, δ is equal to 0.5. 
Because URM(3, 0.5) is 0.5, the schedulable utilization does not ensure us that the tasks are schedulable. In fact, 
the task (5, 1) is not schedulable. However, if δ is equal to 0.69, URM(3, δ) is equal to 0.65 and hence, it guarantees 
that the tasks are schedulable. 
 
*6.7.5 Schedulable Utilization of the RM Algorithm for Multiframe Tasks 
An example is a task that models the transmission of an MPEG compressed video over a network link. Jobs in this 
task, modelling the transmissions of individual video frames, are released periodically. As the size of I-frames can 
be very large compared with that of B- and P-frames, the execution times of the jobs can vary widely. 
 
The multiframe task model developed by Mok and Chen is a more accurate model and leads to more accurate 
schedulability tests.  
 
The example used by Mok and Chen to motivate the multiframe task model is a system of two tasks: T1 and T2. T2 
is a task with period 5 and execution time 1. The period of T1 is 3. The maximum execution time of J1,k is equal to 
3, if k is odd and is equal to 1 if k is even. The relative deadlines of the tasks are equal to their respective periods. 
We can treat T1 as the periodic task (3, 3), but if we were to do so, we would conclude that the system is not 
schedulable.  
 
Specifically, in the multiframe task model, each (multiframe) task Ti is characterized by a 4-tuple (pi, ξi , ei

p, ei
n). In 

the 4-tuple, pi is the period of the task and has the same meaning as the period of a periodic task. Jobs in T` have 

either one of two possible maximum execution times: ei 
p and ei 

n, where ei 
p ≥ ei 

n.  
 
The former is its peak execution time, and the latter is its normal execution time. Each period which begins at the 
release time of a job with the peak execution time is called a peak frame, and the other periods are called 
normal frames. Each peak frame is followed by ξi −1 normal frames, which in turn are followed by a peak frame 
and so on.  
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The utilization ui of the multiframe task Ti = (pi, ξi , ei 

p, ei 
n) is equal to (ei 

p + (ξi − 1)ei 
n)/ξi pi when ξi > 1. A periodic 

task (pi , ei ) is the special multiframe task (pi , 1, ei , ei ). 
 
According to the multiframe task model, the task T1 in the example above is (3, 2, 3, 1); its period is 3, peak 
execution time is 3, normal execution time is 1, and each peak frame is followed by one normal frame. It 
utilization is equal to (3 + 1)/6 = 0.667. The task (33, 6, 1.0, 0.3) can model an MPEG video transmission task. The 
period of the task is 33 milliseconds. The execution time of the job in each peak frame, which models the 
transmission of an I-frame in the video stream. It is followed by five normal frames. The execution times of jobs 
released in normal frames are never more than 0.3. These jobs model the transmissions of B- and P-frames in the 
video. They are followed by the transmission of an I-frame, that is, a peak frame, which is in turn followed by five 
normal frames, and so on. 
 
When the relative deadlines Di ’s are such that Dk ≤ pk for all 1 ≤ k ≤ n, a task Ti is schedulable if the job in the task 
released at a critical instant completes in time. 
 

Given a system of n multiframe tasks, the load variation, denoted by , of the system is min1≤i≤n(ei
p/ei

n). We 

expect that the schedulable utilization of the RM algorithm is an increasing function of the load variation. Mok 

and Chen found that it depends on  as stated below. 
 
THEOREM 6.17. A system of n independent, preemptable multiframe tasks, whose relative deadlines are equal to 
the respective periods, is schedulable according to the RM algorithm if their total utilization is no greater than 
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Figure 6–19 shows this schedulable utilization as function of  and n. Indeed, as  increases, this upper 
bound increases. However, we would still declare the tasks T1 = (3, 2, 3, 1) and T2 = (5, 1, 1, 1) mentioned earlier 
unschedulable if we were to use this schedulable utilization as the criterion of schedulability. The load variation 

of this system is 1. URM(n,  = 1) is 0.828, but the total utilization of this system is 0.867. 
 
6.8 PRACTICAL FACTORS 
Thus far, we have assumed that every job is preemptable at any time; once a job is released, it never suspends 
itself and hence is ready for execution until it completes; scheduling and context-switch overhead is negligible; 
the scheduler is event-driven and acts immediately upon event occurrences; every task (or job) has a distinct 
priority; and every job in a fixed priority system is scheduled at a constant priority. 

 
 
These assumptions are often not valid. We will need two new terms: blocking and priority inversion.  
 
A (ready) job Ji is blocked when it is prevented from executing by a lower-priority job: The lower-priority job 
executes while Ji waits. We say that a priority inversion occurs whenever a lower-priority job executes while 
some ready higher-priority job waits. 
 
6.8.1 Nonpreemptability 
There are many reasons for a job, or a portion of it, to be nonpreemptable. Sometimes, preemption may be too 
costly. (…..An example is disk scheduling. If reads and writes of files on a disk were preemptable, it would take an 
additional seek to resume the read or write of a file each time such an operation were preempted. Consequently, 
disk scheduling is typically nonpreemptive……) 
 
Blocking Time Due to Nonpreemptivity. A higher-priority job that becomes ready when a nonpreemptable 
lower-priority job is executing is blocked until the nonpreemptable portion of the lower-priority job completes. 
The delay due to blocking may cause the higherpriority job to miss its deadline.  
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So, when we want to determine whether a task can meet all its deadlines, we must consider not only all the 
tasks that have higher priorities than it, but also the nonpreemptable portions of lower-priority tasks. 
 
As an example, we consider a system of three fixed-priority tasks: T1 = (ε, 4, 1), T2 = (ε, 5, 1.5), and T3 = (9, 2), 
where ε > 0 is very small compared with the other timing parameters of the tasks. The total utilization is 0.77. The 
time-demand functions of the three tasks are shown in Figure 6–20(a).  
If all the tasks are preemptable, they are schedulable according to both the schedulable utilization URM(3) = 0.78 
and the time-demand analysis. 
 
Now, suppose that T3 is nonpreemptable. When the jobs J1,1 and J2,1 become ready at ε, the first job J3,1 of T3 is 
executing. Because J3,1 cannot be preempted, the higher-priority jobs are blocked until time 2 when J3,1 
completes; there is a priority inversion during (ε, 2). J2,1 is forced to wait for the lower-priority job J3,1 in addition 
to the higher-priority task T1. So, it misses its deadline at time 5.  
 
In general, let bi (np) denote the longest time for which any job in the task Ti can be blocked each time it is 
blocked due to nonpreemptive lower-priority tasks. We call bi (np) its blocking time per blocking due to 

nonpreemptivity. A job Ji, j of Ti is blocked if when it is released, a nonpreemptive lower-priority job is executing 
at the time. We use θi (θi ≤ ei ) to denote the maximum execution time of the longest nonpreemptable portion of 
jobs in the task Ti. In a fixed-priority system, bi (np) is given by 
 

 
 

Effect of Blocking on Schedulability. A job may be blocked for many reasons. bi (np) is only one of the factors that 
contribute to the blocking time of Ti. The term blocking time, denoted by bi, refers to the maximum total 
duration for which each job in task Ti may be delayed by both lower-priority tasks and deferred execution of 
higher-priority tasks.  
 
To see how to take into account blocking times of fixed-priority tasks, let us suppose that we have found the total 
blocking time bi of every task Ti . If a job Ji, j is to meet its deadline, the total time demanded by itself-and all the 
higher-priority jobs that must be completed before it, plus the time that may be taken by a nonpreemptable 
lower-priority job and other blocking factors, must be met by the supply of time before its deadline. Therefore, 
the time-demand function wi (t) of the task Ti , including its blocking time bi, is given by 
 

 
 

When we use this expression of the time-demand function we correctly take into account the effect of blocking. 
Similarly, we add bi in the expressions of wi, j (t) in Eq. (6.9b) when the response times and relative deadlines of 
some tasks are larger than pi ,that is, 
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In a fixed-priority system, the task Ti , for 1 ≤ i < n, is schedulable if 
 

 
 
where Ui is the total utilization of the i highest priority tasks and UX (i ) denotes the appropriate schedulable 
utilization of the fixed-priority algorithm X used to schedule the tasks. 
 
THEOREM 6.18. In a system where jobs are scheduled on the EDF basis, a job Jk with relative deadline Dk can 
block a job Ji with relative deadline Di only if Dk is larger than Di . 
 
Proof. The following observations allow us to conclude that the theorem is true. 
1. In order for Jk to block Ji , Jk must have a lower priority than Ji . Since priorities are assigned on the EDF basis,  

this implies that the deadline dk of Jk must be later than the deadline di of Ji . In other words, dk > di . 
2. In addition, when the higher-priority job Ji is released, the lower-priority job Jk must be executing if Jk is to 

block  Ji . This means that Jk must be released earlier than Ji, or rk < ri . 
Both inequalities can be true only when Dk > Di . 
 
Suppose that we index all periodic tasks according to their relative deadlines; the smaller the relative deadline, 
the smaller the index. From this theorem, the blocking time of each periodic task Ti due to nonpreemptivity is 
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also given by Eq. (6.17). A task Ti with a total blocking time bi is schedulable with other independent periodic 
tasks on a processor according to the EDF algorithm if 
 

 
 
The system is schedulable if the condition is met for every i = 1, 2, . . . , n. 
 
6.8.2 Self-Suspension 
Self-blocking or self-suspension of a job occurs when the job is suspended and waits until such an operation 
completes before its execution can continue. While it waits, the operating system removes it from the ready 
queue and places it in a blocked queue. We assume that the maximum amount of time each external operation 
takes to complete and, hence, the maximum duration of each self-suspension, is known.  
 
A job may self-suspend after its execution has begun, and the amounts of time for which jobs in a task self-
suspend may differ. As a consequence, the task no longer behaves as a periodic task. In particular, it may 
demand more time in some interval than a periodic task.  
 
For example, we consider two tasks T1 = (4, 2.5) and T2 = (3, 7, 2.0). The tasks are schedulable rate-monotonically 
if jobs in both tasks never self-suspend. The schedule in Figure 6–21 shows what happens when the first job J1,1 in 
T1 self-suspends for 1.5 units of time shortly after it begins execution. Because the execution of J1,1 is deferred, T1 
now demands 5.5 units of time in the interval (3, 10]. As a consequence, J2,1 misses its deadline. 
 

 
 

From this example, we see that one way to account for the extra delay is -- to treat this delay as a factor of the 
blocking time of Ti . We denote this factor by bi (ss). At the risk of abusing the term blocking, we call bi (ss) the 
blocking time of Ti due to self-suspension. 
 
To determine bi (ss), we suppose that the maximum self-suspension time of any job in each higher-priority task 
Tk (k < i) is x. The difference between the total amounts of time demanded by Tk in the feasible interval of any job 
in Ti when Tk never self-suspends and when Tk does self-suspend is never more than x units and is never more 
than ek . Therefore, we can bound the blocking time bi (ss) of Ti due to self-suspension in a fixed-priority system 
by  
 



  REAL TIME SYSTEMS 

PREPARED BY K.TARAKESWAR, ASST. PROF, CSE DEPT, GPCET. Page 38 
 

 
If each job in a task Ti can self-suspend for a maximum number Ki times after it starts execution, its total blocking 
time bi is given by  
 

bi = bi (ss) + (Ki + 1)bi (np)                              (6.23) 
 

 
6.8.3 Context Switches 
In a fixed priority system, each job preempts at most one job if there is no self-suspension. Hence, each job 
suffers at most one context switch when it starts execution and another context switch when it completes. If the 
job is preempted and later resumed, the time spent for the two context switches is accounted for in the same 
way: Include the context-switch time in the execution time of the pre-empting job. 
 
We let CS denote the context-switch time of the system, that is, the maximum amount of time the system 
spends per context switch. CS includes the time required to maintain the context of the jobs involved in the 
context switch, as well as the time spent by the scheduler to service the event interrupt.  
 
If no job ever self-suspends, we increase the execution time of every task Ti to ei + 2CS, for i = 1, 2, . . . , n when 
the context-switch overhead is not negligible. If some job self-suspends, the job incurs two more context 
switches each time it self-suspends. Therefore, if each job in any task Ti can self-suspend a maximum of Ki times 
after its execution starts, we add 2(Ki + 1)CS to the execution time ei .  
 
In a job-level dynamic-priority system, we can bound the effect of context-switch overhead if we can find an 
upper bound to the number of times a job may preempt another job. 
 
6.8.4 Limited-Priority Levels 
A real-life system can support only a limited number Ωs of priority levels. As a consequence, tasks (or jobs) may 
have nondistinct priorities. 
 
Time Demand Functions of Fixed-Priority Tasks with Nondistinct Priorities. 
When tasks in a fixed-priority system have nondistinct priorities, a job Ji, j of Ti may be delayed by a job of an 
equal priority task Tk . This is due to the fact that jobs of equal priorities are scheduled either on a FIFO basis or 
on a round-robin basis. The delay suffered by Ji, j due to equal priority tasks is the largest when a job from each of 
these tasks is released immediately before Ji, j.  
 
Let TE (i ) denote the subset of tasks, other than Ti , that have the same priority as Ti . Now, this delay is at most 
equal to the sum of the execution times of all the tasks in TE (i ). Therefore, when the priorities of tasks are not 
distinct, the time-demand function wi (t) of any task Ti in a system where Dk ≤ pk for all k is  
 

 
 
where TH(i ) denotes the subset of tasks that have higher priorities than Ti . Similarly, in a system where the 
response times of some tasks are larger than their respective periods, we compute the time-demand function of 
the jth-job of Ti in a level-i busy interval according to  
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Schedulability Loss of Fixed-Priority Systems. Whenever the number Ωn of priorities assigned to tasks (called 
assigned priorities) by a fixed-priority scheduling algorithm is larger than the number Ωs of priority levels 
supported by the system, the Ωn assigned priorities must be mapped onto Ωs system priorities. The performance 
of the scheduling algorithm critically depends on this mapping. 
 
In the description of this mapping, we continue to use positive integers 1, 2, . . .,_n to denote the assigned 
priorities, 1 being the highest priority and Ωn the lowest.  
 
We denote the system priorities by π1, π2, . . . , π Ωs , where πk (1 ≤ k ≤ _s ) is a positive integer in the range [1, 
Ωn] and πj is less than πk if j < k. The set {π1, π2, . . . , π Ωs } is a priority grid. We map the assigned priorities onto 
this grid so that all the assigned priorities equal to or higher than π1 are mapped to π1 and all assigned priorities in 
the range (πk−1, πk ] are mapped to the system priority πk for 1 < k ≤ _s . 
 
A natural mapping is the uniform mapping. According to this method, the priority grid is uniformly distributed in 
the range of the assigned priorities. Specifically, let Q denote the integer  
 

 
 
Hence, the highest Q assigned priorities 1, 2, . . . , Q are mapped to π1 = Q, the next Q highest assigned priorities 
are mapped to π2 = 2Q, and so on.  
 
A better method is the constant ratio mapping. This method keeps the ratios of (πi−1+1)/πi, for i = 2, 3, . . .,_s as 
equal as possible. Consequently, there are more system priority levels at the higher-priority end of the assigned 
priority range than at the lower-priority end.  
 
Let g denote the minimum of the grid ratios, that is, g = min2≤i≤πs (πi−1 + 1)/πi ). Lehoczky and Sha showed that 
when constant ratio mapping is used, the schedulable utilization of the RM algorithm for large n and Di = pi for all 
i is equal to ln(2g) + 1 − g, if g > 1/2 and is equal to g, if g ≤ 1/2. The ratio of this schedulable utilization to ln2 is 
the relative schedulability; it measures the deterioration in schedulability due to an insufficient number of 
system priorities.  
 
Schedulability Loss of Deadline-Driven Systems. One way to implement EDF algorithm is to put ready jobs with 
the same relative deadline in a FIFO queue. These jobs are naturally ordered among themselves according to 
their deadlines. Hence, the job with earliest deadline among the jobs at heads of all the nonempty FIFO queues is 
the one with the earliest deadline among all ready jobs. In general, the number Ωs of FIFO queues maintained by 
the scheduler may be fewer than the number Ωn of distinct relative deadlines of all tasks in the system.  
 

The grid ratio g is the minimum of the ratios Di,min/Di,max among all Ωs distinct relative deadline grid points. A 
sufficient schedulability condition for the on-time completion of all jobs is that the total density of all periodic 
tasks be no greater than g.  
 
6.8.5 Tick Scheduling 
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An important assumption underlying all the schedulability tests described above is that the scheduler is event-
driven. This assumption is sometimes not valid. A way to implement the scheduler is to make it time-driven. By 
this we mean that the execution of the scheduler is triggered by a timer which is set to expire periodically. 
Scheduling decisions that are made at these time instants are called clock interrupts. This method is called tick 
scheduling or time-based scheduling.  
 
Tick scheduling introduces two additional factors that must be accounted for in schedulability analysis.  
First, the fact that a job is ready may not be noticed and acted upon by the scheduler until the next clock 
interrupt. The delayed action of the scheduler may delay the completion of the job.  
Second, a ready job that is yet to be noticed by the scheduler must be held somewhere other than the ready job 
queue.  
 
Let us call this place the pending (job) queue; it holds the jobs that have been released or unblocked since the last 
clock interrupt. When the scheduler executes, it moves the jobs in the pending queue to the ready job queue and 
places them there in order of their priorities. Once in the ready queue, the jobs execute in priority order without 
intervention by the scheduler. The time the scheduler takes to move the jobs introduces additional scheduling 
overhead. 
 
Let p0 denote the tick size, that is, the length of time between consecutive clock interrupts. We can model the 
scheduler as a periodic task T0 whose period is p0. This task has the highest priority among all tasks in the system. 
Its execution time e0 is the amount of time the scheduler takes to service the clock interrupt. This time is spent 
even when there is no job in the pending job queue.  
 
Let CS0 denote the maximum amount of time that the scheduler takes to move a job from the pending queue to 
the ready job queue. This overhead occurs each time a job is placed into the ready queue. 
 
As an example, we consider a fixed-priority system consisting of three tasks T1 =(0.1, 4, 1), T2 = (0.1, 5, 1.8) and T3 
= (20, 5). The first section of T3 is nonpreemptable, and the execution time of this section is 1.1. The relative 
deadlines of the tasks are equal to their respective periods. According to the time-demand analysis method 
described in Section 6.5, the maximum response times of the tasks are equal to 2.1, 3.9, and 14.4, respectively. 
They are correct upper bounds if the scheduler executes whenever a job is released, completes, or leaves a 
nonpreemptable section. 
 
Now suppose that the scheduler executes only at clock interrupts 0, 1, 2, . . . (i.e., p0 is 1). It takes 0.05 unit of 
time to service a clock interrupt (i.e., e0 is 0.05) and 0.06 unit of time to move a job from the pending queue to 
the ready queue (i.e., CS0 is 0.06). (On a modern processor, these times are a few microseconds.) We now have 
the schedule in Figure 6–22. 
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1. At time 0.05 after the scheduler finishes serving the clock interrupt at time 0, it finds only J3,1 in the pending 

queue and moves the job to ready queue. This job begins to execute at time 0.11 and immediately enters its 
nonpreemptable section. 

2. At time 1, both J1,1 and J2,1 have been released, but they are not ready for execution because J3,1 is still in its 
nonpreemptable section. The scheduler does nothing. J3,1 executes, exits its nonpreemptable section, and 
continues to execute. 

3. At time 2, the scheduler finds J1,1 and J2,1 unblocked and moves them to the ready queue. The total time 
spent  by the scheduler is 0.17. Hence, J1,1 begins to execute at time 2.17. 

4. At time 3, the scheduler finds no job in the pending queue. J1,1 continues to execute after the scheduler  
completes servicing the clock interrupt. Upon the completion of J1,1, the next job J2,1 in the ready queue 
executes. 

5. At time 4, the scheduler again finds no job in the pending queue. J2,1 continues to execute. 
6. At time 5, J2,1 is still not complete. The scheduler finds J1,2 in the pending queue. (The job was released at time        

4.1.) It moves J1,2 to the ready queue and places it ahead of J2,1. Consequently, when the scheduler completes 
at time 5.11, J1,2 begins to execute. 

7. At time 6, the scheduler finds J2,2 in the pending queue, moves the job to the ready queue, and places the job 
after J1,2 and J2,1. At time 6.11, J1,2 executes. The job completes at 6.22. J2,1 resumes and subsequently 
completes at time 6.29. Then, J2,1 begins to execute and so on. 

 
The response time of the first job in T2 is 6.19, larger than its relative deadline 5. Because the time-demand 
analysis method in Sections 6.5 and 6.6 ignores the effect of tick scheduling, it fails to predict the missed deadline 
at time 5.1. 
 
Fixed-Priority Systems. We can take into account the additional time demand introduced by tick scheduling in a 
fixed-priority system by using the following modified task parameters in the computation of the time-demand 
function of task Ti : 
 
1. include the task T0 = (p0, e0) in the set of higher-priority tasks; 
2. add (Kk + 1)CS0 to the execution time ek of every higher-priority task Tk (i.e., for k = 1, 2, . . . , i ), where Kk is  
     the number of times Tk may self-suspend; 
3. for every lower-priority task Tk , k = i + 1, . . . , n, add a task (pk ,CS0) in the set of higher-priority tasks; and 
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4. make the blocking time bi (np) due to nonpreemptability of Ti equal to 

 
 
where θk is the maximum execution time of nonpreemptable sections of the lowerpriority task Tk . 
 
To apply the above rules to the example in Figure 6–22, we compute the time-demand function of T2 as if it were 

in the system of the following five tasks: T0 = (1, 0.05), T0’ = (20, 0.06), T1 = (4, 1.06), T2 = (5, 2.06), T3 = (20, 5). T0 

and T0’ have higher priorities than the other tasks. b2(np) is equal to 
 

 
 
Substituting the parameters of these tasks into the expression in Eq. (6.18), we have 
 

 
 
Solving t = w2(t) iteratively, we find that the maximum possible response time of T2 is 7.64. This bound would lead 
us to the correct conclusion that T2 is not schedulable. Using the same method, we find that the maximum 
response times of T1 and T3 are 4.43 and 19.8, respectively. So, only T3 is surely schedulable. 
 
Dynamic-Priority Systems. We can take into account of the effect of tick scheduling in a dynamic-priority system 
in a similar way. Specifically, when checking the schedulability of a task Ti , we modify the task parameters as 
follows. 
1. Add the task T0 = (p0, e0). 
2. Add (Kk + 1)CS0 to the execution time ek of every task Tk for k = 1, 2, . . . , n. 
3. Make the blocking time bi (np) due to nonpreemptability of Ti equal to 
 

 
 
where θk is the maximum execution time of nonpreemptable sections of a task Tk whose relative deadline is 
larger than the relative deadline of Ti . 
 
 
6.8.6 Varying Priority in Fixed-Priority Systems 
 
Subtasks, Canonical Form, and Interference Block. We let n(i ) denote the number of segments in each job of a 
periodic task Ti . These segments have different priorities. In a fixed-priority system, the corresponding segments 
of all the jobs in the same task have the same priority. It is convenient to think of each such task Ti as composed 
of n(i ) as subtasks Ti,1, Ti,2, . . . , Ti,n(i ). A job in Ti,k is the kth segment of a job in Ti . 
 
The j th job in each subtask of Ti is released at the beginning of the j th period of Ti. The job in Ti,1 is ready as soon 
as it is released. The subtask Ti,k−1 is the immediate predecessor of Ti,k, and Ti,k is the immediate successor of Ti,k−1. 
By this we mean that the j th job in Ti,k is ready when the j th job in Ti,k−1 completes, for all 1 < k ≤ n(i ). The 
maximum execution times of the subtasks are ei,1, ei,2, . . . , ei,n(i ), respectively. The sum of these execution times 
is ei . 
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The relative deadlines of the subtasks of Ti are Di,1, Di,2, . . . , Di,n(i ), respectively. Clearly, for the relative deadlines 
of the subtasks to be consistent with the precedence constraints among their jobs, we must have  

Di,1 ≤ Di,2 ≤ ・ ・ ・ ≤ Di,n(i ), and Di,n(i ) is equal to Di .  
 
In practice, the relative deadline of every subtask Ti,k of Ti is usually equal to Di . The subtasks of each task Ti have 
fixed priorities πi,1, πi,2, . . . , πi,ni , respectively, and  
πi,k−1!= πi,k for all 1 < k ≤ n(i ).           We assume that priorities of all subtasks of all tasks are given. 
 
A task is in canonical form if every later subtask has a higher priority than its immediate predecessor subtask. A 
task that is not in canonical form can be transformed into canonical form in the following manner. Starting with 
the last subtask, we examine the subtasks of the task in turn in reverse precedence order. We lower the priority 
of each immediate predecessor to the priority of the immediate successor if the given priority of the immediate 
predecessor is higher; otherwise, we leave the priority of the immediate predecessor unchanged. We repeat this 
process until the priority of the first subtask is thus determined. If in this process the priorities of adjacent 
subtasks become the same, we combine these subtasks into one subtask and decrement the number of subtasks 
accordingly. 
 
An interference block of a subtask Ti,k is a chain of one or more contiguous subtasks Tl,x , Tl,x+1, . . . , Tl,y in another 
task Tl , for some l!= i and y ≥ x, that have the following properties.  
 
(1) All of these subtasks have equal or higher priorities than the priority πi,k of Ti,k ;  
(2) either Tl,x has no predecessor or the priorities of its immediate predecessor are lower than πi,k ; and  
(3) either Tl,y has no successor or the priority of its immediate successor is lower than πi,k . 
 
 Extended General Time-Demand Analysis. We are now ready to describe the extended general time-demand 
analysis method [HaKL].We compute the maximum possible response time of one task at a time. We call the task 
for which we are doing the computation the target task. In our discussion here, the target task is Ti . 
 
Transforming the Target Task. Rather than working with the given target task, we first transform it into canonical 
form if the task is not already in the form. The maximum response time of the transformed target task is no less 
than the maximum response time of the given task.  
 
Identifying the Interference Blocks. After making sure that the task is in canonical form, the next step is to 
compute the maximum length of a level-πi,1 busy interval and the maximum number of jobs in Ti released in the 
busy interval. In this computation, we focus on the first subtask Ti,1 of the target task and examine every task Tl 
other than Ti (i.e., l != i ) to identify the interference blocks of Ti,1.  
 
Let hl denote the number of interference blocks in Tl and El,x denote the sum of the execution times of all the 
subtasks in the xth interference block in Tl . Rather than keeping track of individual subtasks in Tl when trying to 
account for the processor time demand of Tl , we keep track the processor time demands of interference blocks 
in Tl . 
 
Computing the Length of Level-πi,1 Busy Interval. With respect to Ti,1, we partition the other tasks in the system 
into the following disjoint subsets according to the priorities of their subtasks: 
L(1): A task is in this subset if it contains no interference block of the target subtask Ti,1. 
H(1): A task is in this subset if all its subtasks form a single interference block of Ti,1. 
H/L(1): A task is in this subset if it contains at least one interference block of Ti,1, and either its first subtask or its  
              last subtask or both are not in an interference block. 
HLH(1): A task is in this subset if its first and last subtasks are in two different interference blocks. 
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The maximum amount of processor time demanded by all the tasks in the subsets H/L and HLH(1) is equal to 
 

 
 
Let Bi denote the maximum length of a level-πi,1 busy interval. Bi is the minimum solution of the equation 
 

 
where bi is the blocking time of Ti . We can solve this equation iterative starting from the initial value bi + ei + a(1). 
Let Ni denote the number of jobs in each busy interval.  
 

 
 
Maximum Response Time of Ti,1. The time-demand function wi,1; j (t) of the j th job of Ti,1 in a level-πi,1 busy 
interval is given by  

 
Maximum Response Times of Later Subtasks. We further partition the subset H(k − 1) into the following disjoint 
subsets according to the priorities of their subtasks when compared with the priority πi,k of Ti,k . 
 
H(k): A task is in this subset if all its subtasks form a single interference block of Ti,k . 
H/L(k): A task is in this subset if it contains at least one interference block of Ti,k, and either its first subtask or its  
              last subtask or both are not in an interference block. 
HLH(k): A task is in this subset if its first and last subtasks are in two different interference blocks of the subtask  
               Ti,k . 
L(k): A task is in this subset if all its subtasks have priorities lower than πi,k . 
 
Again, each task in H(k) can repeatedly preempt the job Ji,k; j in the target subtask Ti,k . For the same reason that 
leads us to Eq. (6.25a), the total processor time demanded by all the tasks in the subsets H/L(k) and HLH(k) after 
the completion time fi,k−1; j of the intermediate predecessor job Ji,k−1; j is given by 
 

 
The latest completion time fi,k ; j of the j th job of Ti,k in a level-πi,1 busy interval is equal to the minimum solution 
of the equation  
 

t = wi,k; j (t)      (6.27c) 
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Maximum Response Time Wi. The maximum response time Wi of the target task is given by 
 

 
 
The Procedure. In summary, to determine the schedulability of a fixed-priority system of periodic tasks that 
contain subtasks of different priorities we carry out the following steps to compute the maximum response time 
Wi of a task Ti at a time. 
1. Transform the target task Ti into canonical form. After the transformation, its subtasks Ti,k for k = 1, 2, . . . , n(i 

) have increasing priorities πi,1, πi,2, . . . , πi,n(i ). 
2. Compute the length Bi of the longest level-πi,1 busy interval and maximum number Ni jobs of Ti in the busy  

interval according to Eq. (6.25). 
3. For j = 1, 2, . . . , Ni , compute the latest completion time of fi,n(i ); j of the j th job in Ti . This is done by  

computing the latest completion time fi,k; j of the j th job in each subtask Ti,k of Ti, for k = 1, 2, . . . , n(i ), 
starting from the first subtask in precedence order until the last subtask. The time-demand functions used for 
this computation are given by Eqs. (6.26) and (6.27). 

4. Compute an upper bound Wi of the maximum response time of Ti according to Eq. (6.28). 
 
6.8.7 Schedulability Test of Hierarchically Scheduled Periodic Tasks 
This section focuses on fixed-time partitioning systems and considers only the simplest case: The subsystems are 
scheduled in a weighted round-robin manner. In particular, the cyclic scheduler at the low level partitions the 
time into intervals of a fixed length RL. Each interval is a round.  
 
The round length RL must be smaller than the minimum period and the minimum relative deadline of all tasks in 
the system. We consider a subsystem that has n independent, preemptable periodic tasks and is given a slot of 

length τ in each round by the cyclic scheduler. 
 
Schedulability of Fixed-Priority Tasks. In general, the time-demand function of any task Ti in a subsystem whose 

tasks are scheduled on a fixed-priority basis is still given by Eq. (6.24). However, the amount supply(t) of time 

available to the subsystem in the time interval (t0, t0 + t) following a critical instant t0 of Ti is no longer t .  
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The first term in this expression gives the amount of time allocated to the subsystem in rounds that lie entirely in 
the interval (t0, t0 + t). The second term gives the amount of time that is allocated to the subsystem and is in the 
last of all the rounds which start before t0 + t . 
 
The equality holds when the critical instant t0 is immediately after the end of a slot that is allocated to the 
subsystem.  
 
To find the maximum possible response time of task T3 in Figure 6–23, we solve for the minimum value of t 
satisfying the equation 
 

 
 
Hence, the maximum possible response time of the T3 is 9.0. 
 
Schedulability of Deadline-Driven Tasks. A subsystem of n periodic tasks with relative deadlines no less than 
their respective periods is schedulable on the EDF basis when its total utilization is no greater than 
 

 


